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Particle mixing in a sheared granular flow
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Abstract

Mixing experiments were performed in a shear cell device using differently colored but otherwise iden-
tical glass spheres, with five different bottom wall velocities. The motions of the granular materials were
recorded by a high-speed camera, so the development of mixing boundaries could be analyzed from the
images. By continually tracking the movements of particles, the velocity, fluctuations and the granular tem-
peratures were measured. The self-diffusion coefficients were determined from the histories of particles
movements. The mixing layer thicknesses were compared with the calculations from a simple diffusion
equation using the data of self-diffusion coefficients obtained from the current measurements. The calcula-
tions and experimental results showed good agreements, demonstrating that the mixing process of granular
materials occurred through the diffusion mechanism.
� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

A granular flow is a two-phase flow with collections of discrete solid particles dispersed in an
interstitial fluid, where the gaseous phase plays a negligible role in the flow mechanics. The dom-
inant mechanism affecting the flow behavior of granular materials is the random motions of par-
ticles resulting from the interactive collisions between particles (Campbell, 1990). Because the
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random motions of particles in a granular flow are analogous to the motion of molecules in a gas,
the dense-gas kinetic theory (Savage and Jeffrey, 1981; Jenkins and Savage, 1983; Lun et al., 1984;
Jenkins and Richman, 1985) and molecular dynamic simulations (Walton and Braun, 1986; Camp-
bell, 1989; Lan and Rosato, 1995) are used to analyze and model the granular flow behavior.

The random motions of particles are quantified by granular temperature, which is defined as the
specific fluctuation kinetic energy of particles and serves as a key property of granular material
flows (Ogawa, 1978). In dense-gas kinetic theory, the granular temperature is assumed to be iso-
tropically distributed. However, this key assumption may fail in most granular material flow sys-
tems (Campbell, 1990), where the granular temperature plays the same role as the thermodynamic
temperature in a gas. The energy of granular temperature is continually dissipated through the
inelastic collisions between particles or between particles and boundaries. Thus the external en-
ergy must be continually input into the system to maintain the granular temperature.

Mixing of granular materials has economical importance in different industries, such as food-
stuffs, pharmaceutical products, detergents, chemicals, plastics etc. In many cases a better mixing
process could tremendously increase the quality and the value of product. Thus mixing is regarded
as a key process and needs further study. However, mixing of granular materials has received less
attention than fluids (Ottino and Khakhar, 2000), although the subject of granular mixing in sev-
eral kinds of mixers has drawn the interest of several researchers in recent years. The convective
and dispersive mixing mechanisms in a rotating tumbler (McCarthy et al., 2000), in a V-blender
(Moakher et al., 2000) and in a tote blender (Sudah et al., 2002) had been examined by both exper-
imental tests and computer simulations. The mixing rate in a cylindrical bladed mixer was shown
to be enhanced by increasing the blade speed (Zhou et al., 2003). From several experimental stud-
ies, it was demonstrated that the mixing process occurred through a diffusion mechanism in dif-
ferent transport devices, e.g., in an inclined chute (Hwang and Hogg, 1980), in a shear apparatus
(Scott and Bridgewater, 1976; Buggish and Löffelmann, 1989; Hsiau and Shieh, 1999), in a vertical
channel (Hsiau and Hunt, 1993a; Natarajan et al., 1995) and in a vibrated bed (Zik and Stavans,
1991; Hunt et al., 1994). Besides, computer simulation has become a powerful tool to study the
mixing behaviors in a granular flow system. A detailed study of granular mixing using computer
simulations demonstrated that the amount and nature of the mixing was quite sensitive to a range
of physical properties (Cleary et al., 1998). The influence of granular temperature gradient on the
mixing condition was examined by Henrique et al. (2000), also using computer simulation.

The Couette granular flow is considered as one of the simplest flow models and very suitable for
fundamental research (Savage and Mckeown, 1983; Savage and Sayed, 1984; Hanes and Inman,
1985; Johnson and Jackson, 1987; Wang and Campbell, 1992; Hsiau and Yang, 2002). However,
there have been relatively few studies discussing the mixing process in a Couette granular flow.
The present paper uses image technology to investigate the granular flow mixing behaviors in a
shear cell. The dependences of mixing developments on diffusion coefficients, granular tempera-
ture and shear rate are discussed.
2. Experimental setup and technique

A rotating shear cell was constructed to generate the shear granular flow, as shown in Fig. 1.
The shear device consists of a bottom disk and an upper disk. The bottom disk, with outside



Fig. 1. The schematic drawing of the experimental apparatus.
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diameter of 45.00 cm, is driven by a 3 hp AC motor. The rotation speed is controlled by a variable
speed inverter and can be measured by a tachometer. The bottom disk is made of plexiglass for
observation. An annular trough (inside diameter: 31.67 cm; outside diameter: 42.02 cm; depth: 4.5
cm) was cut in the bottom disk. The stationary upper disk could be inserted into the trough where
the granular materials are put in the test section. The test section height 2h could be adjusted and
measured by a dial indicator.

Soda lime beads (colors of black and white) with an average diameter dp of 2 mm (standard
deviation of 0.04 mm and particle density of 2508 kg/m3) were used as granular materials in
the experiments. In the mixing experiments, 1.15 kg of black particles were carefully put in the
bottom half of the text section and then 1.15 kg of white particles were put above. The average
solid fraction of the test is calculated from the particle mass (2.30 kg in this paper) divided by
the particle density and the test section volume. A layer of 3 mm soda lime beads was adhered
to both the bottom and the top surfaces, in a random packing organization.

The granular flow in the test section is assumed to be two-dimensional with streamwise (hori-
zontal) direction as x-axis and transverse (vertical) direction as y-axis (upwards is positive). Be-
cause of the limitations on observation, only the flows adjacent to the outer surface of the
annular trough in the bottom disk could be recorded and analyzed. The inner surface was cleaned
and polished before each experiment to reduce the wall friction effect. The velocity at the bottom
(outside lower corner of the trough) u0 could be calculated from the product of the rotational
speed of the bottom disk and the outside radius of the trough.

The mixing process was recorded by a high-speed camera (Kodak motion corder analyzer with
highest speed of 10,000 frames per second). The frames were digitized to gray levels (ranging from
0 to 255 due to the different colors of the black and the white particles) and stored in a computer
file. The test section was divided into 120 altitudes along the transverse direction. Using image
processing, the concentrations of white particles C(t) in each altitude were determined. The mixing
layer thickness d(t) is defined from the width with concentrations ranging from 0.05 to 0.95, as



Fig. 2. Schematic representation of the boundary layer thickness developed in the Couette shear cell.

796 S.-S. Hsiau et al. / International Journal of Multiphase Flow 31 (2005) 793–808
shown in Fig. 2. The symbols d1(t) and d2(t) denote the thicknesses of the mixing layer of the
upper and the lower parts, respectively.

To investigate the diffusion process, the fluctuation velocities and self-diffusion coefficients were
also determined from the experiments by different combinations of colored particles: The black
particles served as tracer particles and about 15% of black particles were mixed uniformly with
85% of white particles. All the experimental settings were the same as the mixing experiment, ex-
cept for the arrangement of colored particles. The autocorrelation technique was employed to
process the stored images and to decide the shift of each tracer particle in every two consecutive
images. The details of the autocorrelation process can be referred to the paper by Hsiau and Shieh
(1999).

The test section was vertically divided into 10 regions in the experiment of fluctuation velocity.
By averaging about 250 tracer particles� velocities from approximately 8500 frames, the overall
average velocities in horizontal and vertical directions, hui and hvi, in each region were deter-
mined. The fluctuation velocities in the two directions, hu02i1/2 and hv02i1/2, for each region were
defined by the mean square root of the deviations of each local velocity from the overall average
velocity. The granular temperature T was used to quantify the kinetic energy of the flow, and
could be calculated from the average of the mean square of the fluctuation velocities in two
directions.

Since the current study followed the auto-correlation technique developed by Hsiau and Shieh
(1999) which considered the correlation values of gray level derivatives, the experimental errors of
the velocities were reduced to within 1.5%.

The velocity fluctuations induce the self-diffusion in granular shear flows. Einstein (1956) first
employed this concept to analyze the diffusive phenomena of suspended particles with Brownian
motion in a liquid. This idea was also used by Savage and Dai (1993) and by Campbell (1997) to
investigate the diffusive behavior of granular flow systems through computer simulation. The self-
diffusion coefficient Dij was defined as
lim
t!1

hDxiDxji ¼ 2Dijt ð1Þ
where Dxi and Dxj are the diffusive displacements in directions i and j. A similar concept was
employed in experiments by Natarajan et al. (1995) to study the granular self-diffusion in a
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1-m-high vertical channel, and by Hsiau and Shieh (1999) to study the diffusion in a shear cell.
In order to obtain longer histories of particle movements in a Couette device through a small
camera window, the idea of ‘‘periodic cell’’ used in computer simulation (Campbell and Bren-
nen, 1985) was proposed for application in experiments by Hsiau and Shieh (1999). In the peri-
odic cell used in computer simulation, when a particle leaves the cell, a new particle with the
same velocity will be set at the same transverse position in the cell inlet. Employing this idea
for an experiment, when a tracer particle moved out of one image, the time counter for this par-
ticle paused until another tracer particle entered the cell inlet with the same channel height and
the same velocity as the previous tracer particle. The path of this new tracer particle from the
image inlet was then treated as the continuous movements of the former tracer particle. Details
can be found in the paper by Hsiau and Shieh (1999), and the current study follows the same
approach. Since the current mixing experiments were mainly resulted to the diffusion in the
transverse direction, which were evaluated in this study. The mean-square diffusive displace-
ments in the transverse direction hDy Æ Dyi were averaged from about 200 tracer particles taken
from 6000 to 9000 frames. The experimental errors resulted mainly from the uncertainty in
determining the centroid of a particle. The errors of diffusion coefficients Dyy were estimated
within 5%.
3. Results and discussions

Every test in this study was done for a total granular mass of 2.30 kg and a fixed channel height
(2h) of 2.5 cm. Hence the average solid fraction of the channel was a constant, 0.6178. In the
experiments of this study, five bottom wall velocities u0, 0.66 m/s, 0.88 m/s, 1.10 m/s, 1.32 m/s
and 1.54 m/s, were used to investigate the variations of the mixing layer thickness. The results
of experiments were also compared with calculations from the diffusion equation. Meanwhile,
the properties concerned with the development of mixing layer, for example, the mixing growing
rate, the apparent self-diffusion coefficient, the granular temperature and the shear rate, were stud-
ied to explore the characteristics of mixing phenomena in the shear cell.

Fig. 3 shows the distributions of the overall average velocities in the streamwise and transverse
directions, hui and hvi, with u0 of 0.66 m/s, 0.88 m/s, 1.10 m/s, 1.32 m/s and 1.54 m/s. As expected,
the transverse velocities are close to 0 because there is no vertical bulk motion in the channel. The
streamwise velocity decreases with the channel height. The streamwise velocity is greater for the
case with greater bottom wall velocity, consistent with the results of Hsiau and Shieh (1999). Fig.
4 shows the fluctuation velocity distributions in the channels for the five cases. The fluctuations
are not isotropic, and the values in the streamwise direction are larger. The explanation for this
anisotropic phenomenon can be found in Hsiau and Shieh (1999). Because of the increase in the
shear rate (dhui/dy) with the height, the fluctuations in both directions also increase with the chan-
nel height, as shown in Fig. 4. The flow with the greater bottom wall velocity induces relatively
greater fluctuations in both directions, due to the higher shear rates. It is noted that the stream-
wise velocity fluctuations are greater than the transverse velocity fluctuations, however, for the
study of the top-bottom mixture in the shear cell, the transverse velocity fluctuations play a much
more important role to influence the granular mixing, than does the streamwise velocity
fluctuation.
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Fig. 3. The distributions of overall average velocity in the streamwise hui and transverse hvi directions.
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The channel can be divided into two flow regimes: the ‘‘fluid-like regime’’ in the upper section
and the ‘‘solid-like regime’’ in the lower section (Zhang and Campbell, 1992), due to the scale of
the shear rate. In this paper, the same particles but with different colors are initially arranged in
the top-bottom organization to investigate the particle mixing in the shear cell. Thus, the test sec-
tion is also divided into two regions, the upper channel (y > 0) and the lower channel (y < 0). To
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examine the influence of the bottom wall velocity on the development of the mixing layer, Fig. 5
shows the developments of the mixing layer thickness with time for the five tests with different
bottom wall velocities. Note that the mixing layer thickness in Fig. 5 is non-dimensionalized by
the half channel height, h. It is clear that the mixing layers expand with time and develop faster
in the initial stages. The mixing layer thicknesses of the upper channel, d1 are slightly greater than
those of the lower channel, d2. Moreover, the influence of wall velocity on the development of
mixing layer is significant. From this figure, the mixing layer thicknesses are greater for the cases
with the greater bottom wall velocity.

In all tests shown in Fig. 5, the mixing layer thicknesses in both upper and lower parts devel-
oped much faster in the beginning stages, and then grew smoothly. The mixing growing rates, R,
can be measured by differentiating the mixing layer thicknesses (d1 and d2) with respect to time.
The mixing growing rates of the upper and lower channels are calculated from the experimental
data in Fig. 5 and are plotted against time for the five bottom wall velocities in Fig. 6(a) and (b)
for the upper and lower channels, respectively. It is evident that the mixing growing rates are
greater in the initial stage. It is also shown that the mixing growing rates increase with the increas-
ing bottom wall velocity. Meanwhile, most of the mixing growing rates in the upper channel (Fig.
6(a)) are greater than those in the lower channel (Fig. 6(b)) since the fluid-like behavior of the
granules in the upper channel promote the granular mixing easier.

Granular mixing mainly resulted from the diffusive motions of granular materials in the shear
cell. Because of the top-bottom organization of different-colored particles, the particle mixing
occurred in the vertical direction. Thus the diffusion equation can be written as
oC
ot

¼ o

oy
Dyy

oC
oy

� �
ð2Þ
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where C is the concentration of white particles, and Dyy is the transverse self-diffusion coefficient.
The initial conditions are C = 1 when t = 0, y > 0; and C = 0 when t = 0, y < 0. Since the mixing
layer thicknesses almost stop growing after a certain time (60 s), even with longer observation of
the mixing process up to a half hour, the mixing boundary layer had not reached the walls. Thus it
is reasonable to assume the boundary conditions for the above equation as: C! 1 as y !1; and
C! 0 as y !�1. The transverse self-diffusion coefficients Dyy is actually varied with the height
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of the channel in the experimental results, which will be investigated later. However, in order to
get the analytical solution, Dyy in Eq. (2) can be assumed as constants: apparent self-diffusion
coefficients Dapp,1 and Dapp,2 to explore the bulk mixing behavior in the upper and lower channels
respectively. In fact, the apparent self-diffusion coefficients denote the ‘‘averaged’’ self-diffusion in
the upper and lower channels. Thus, we solve Eq. (2) for the regions of y P 0 (upper channel) and
y 6 0 (lower channel) with one additional boundary condition by assuming C! 0.5 at y = 0.
Then, the analytical solutions of Eq. (2) are
Fig. 7
and lo
Cðt; yÞ ¼ 1
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According to the definition of mixing layer thickness in the experiments, C = 0.95 at y = d1 and
C = 0.05 at y = �d2, that gives
d1 ¼ 2.53
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Dapp;1t

p
ðfor upper channelÞ ð5Þ

d2 ¼ 2.53
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Dapp;2t

p
ðfor lower channelÞ ð6Þ
u0 (m/s)

D
ap

p
(m

2 /s
)

0.6 0.8 1 1.2 1.4 1.6
0

0.001

0.002

0.003

0.004

0.005

upper channel
lower channel

. The dependence of the apparent self-diffusion coefficient Dapp on the bottom wall velocity u0 both in the upper
wer channels.



802 S.-S. Hsiau et al. / International Journal of Multiphase Flow 31 (2005) 793–808
The fitted curves in Fig. 5 are the results of least-squares fits using the forms of Eqs. (5) and (6),
indicating close correspondence with the experimental data. The deviations are due to the assump-
tion of constant self-diffusion coefficients in the upper and lower channels in the diffusion
equation.

The values of the apparent diffusion coefficients can be determined from the fitted curves (Eqs.
(5) and (6)) in Fig. 5. The dependences of the apparent diffusion coefficients on the bottom wall
velocity are shown in Fig. 7. It is clearly that Dapp increase with the increasing bottom wall veloc-
ity. Besides, the apparent self-diffusion coefficients in the upper channel are greater than those in
the lower channel, indicating a better mixing in the upper channel. Compared with the results of
Fig. 5, it is not surprised that the mixing layer thicknesses increase with the increasing bottom wall
velocity. In addition, the mixing layer thicknesses of the upper part are greater (Fig. 5) since the
apparent self-diffusion coefficients are greater. Therefore, the apparent self-diffusion coefficient
Dapp is an appropriable index to describe the ‘‘averaged’’ granular mixing condition in the shear
cell.

As mentioned above, the granular temperature is an important property to quantify the kinetic
energy of particles. Thus, the diffusive motions of granular materials are related to the granular
temperature. Fig. 8 shows the apparent self-diffusion coefficients plotted against the square root
of the average granular temperature in the vertical direction, T 1=2

y (the average of the vertical fluc-
tuation velocities), in the upper and lower channels, where the granular temperatures are mea-
sured from the tests with five different bottom wall velocities. It is shown that the granular
temperatures in the upper and lower channels clearly increase with the increasing bottom wall
velocity. Furthermore, the granular temperature in the upper channel is much greater than that
in the lower channel with the same bottom wall velocity, which is also indicated in Fig. 4. The
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apparent diffusion coefficient Dapp increases linearly and significantly with the square root of the
vertical granular temperature in the upper channel, where granular materials behave like a fluid.
The linear dependence was also derived from the dense-gas kinetic theory by Hsiau and Hunt
(1993b) and Savage and Dai (1993). However the theoretical values of the self-diffusion coefficient
are much smaller than the experimental results. The deviation is up to an order of 2–3. The sig-
nificant deviations are mainly resulted from the assumptions in the dense-gas kinetic theory: the
isotropic and binary collisions, the isotropic fluctuations and granular temperature. In addition,
the linear dependence of Dapp on T 1=2

y in the lower channel is relatively weak, because the gravity
effect causes a solid-like behavior resulting in a much larger deviations from the dense-gas kinetic
theory derivation.

The granular temperature and the diffusion coefficient are mainly influenced by the shear rate
along the (upper) wall (Hsiau and Yang, 2002). Fig. 9 shows the apparent self-diffusion coeffi-
cient versus the shear rate along the upper wall, hdu/dyiw, with five bottom wall velocities.
The values of shear rates along the upper wall are extracted from the velocity distributions in
Fig. 3. The value of the shear rate is greatest in the test with fastest bottom wall velocity. Mean-
while, the greater shear rate induces stronger diffusion with the greater apparent self-diffusion
coefficient, as shown in Fig. 9. The apparent diffusion coefficient shows a good correlation with
the shear rate.

In fact, the self-diffusion coefficient was varied with the height of the channel due to the char-
acteristics of granular motions in the test section, as demonstrated in the papers of Hsiau and
Shieh (1999) and Hsiau and Yang (2002). Following the experimental procedures in Hsiau and
Shieh (1999), the transverse self-diffusion coefficients Dyy were measured. Fig. 10 shows the dis-
tributions of the transverse self-diffusion coefficient in the test channel with five different bottom
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wall velocities. The self-diffusion coefficients in the upper channel (y > 0) are much greater than
those in the lower channel (y < 0). Due to the effect of gravity, the particles in the lower part are
pressed by greater gravitational force from the upper particles, so the granular structures of
lower part are denser. As shown in Fig. 3 and explained above, this regime is characterized
as a solid-like region. Both the granular fluctuation movements and shear rates increase with
the channel height from the bottom to the top, as shown in Figs. 3 and 4. Thus the greater
fluctuations and shear rates induce the stronger diffusion in the upper channel. It is also shown
in Fig. 10 that the transverse diffusion coefficient Dyy increases with the increasing bottom wall
velocity, due to higher energy input into the granular system when the bottom wall moves
faster.

For greater accuracy, the diffusion equation (Eq. (2)) can be solved by the finite difference
method where the measured transverse diffusion coefficients Dyy are employed. Here, the channel
is divided into 10 subregions vertically and the values of transverse self-diffusion coefficient, Dyy,
in each subregion are extracted from the current experimental results in Fig. 10. The initial con-
ditions are the same as the previous ones, while the boundary conditions are
oC
oy

� �
y¼�h

¼ 0 ð7Þ
since there is zero mass flux through the walls. Then, the concentration C, at each level can be
calculated from the finite difference equations. Fig. 11(a)–(c) show the concentration distributions
in the channel at times of 10, 20, 30, 40, 50 and 60 s, from both the experimental measurements
and the numerical solutions for the bottom wall velocities of 0.66 m/s, 1.10 m/s and 1.54 m/s.
Generally, a perfect mixing condition means that the concentrations in all levels are 0.5, although
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Fig. 11. The concentration distributions of both the experimental measurements (symbols) and the numerical solutions
(curves) at times of 10, 20, 30, 40, 50 and 60 s: (a) u0 = 0.66 m/s, (b) u0 = 1.10 m/s, (c) u0 = 1.54 m/s.
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this is almost impossible in an actual situation. Therefore, the smaller concentration gradient in
the channel indicates that the mixture is more homogeneous with better mixing conditions. From
these figures, the greater bottom wall velocity results a smaller concentration gradient along the
height, indicating that the greater bottom wall velocity causes better mixing in the channel. Fig.
11(a)–(c) also show the deviations between experiments and numerical results are larger in the
central channel, which is due to the difficulty in determining the concentration accurately in this
region.

The semi-theoretical mixing layer thickness can be calculated by the combination of the numer-
ical solutions of concentration along the height and the definition of the mixing layer thickness, as
mentioned above. Fig. 12 shows the semi-theoretical results compared with the experimental data
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Fig. 12. Comparison between the experimental data (open symbols) and the semi-theoretical results (closed symbols
with lines) of the evolution of the mixing layer thickness under five bottom wall velocities.
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for the mixing layer thickness non-dimensionalized by the half channel height. The comparison
shows a very good agreement, indicating that the mixing process of granular materials in the shear
cell occurred throughout the diffusion mechanism.
4. Conclusions

This paper studies the mixing behavior of granular materials in a two-dimensional shear cell.
The image processing technology and a particle tracking method were employed to measure
the fluctuation velocities, the mixing layer thicknesses, the granular temperatures and the self-dif-
fusion coefficients. Five conditions with different bottom wall velocities (0.66 m/s, 0.88 m/s, 1.10
m/s, 1.32 m/s and 1.54 m/s) were tested. The diffusion equation is used to investigate the mixing
mechanism in the test section.

The shear rate was found to increase with the increasing bottom wall velocity. The high velocity
fluctuations in the upper channel were caused by the large shear rate along the upper wall. The
high velocity fluctuations induced both a greater self-diffusion coefficient and the granular temper-
ature in the upper channel. Therefore, the mixing layer thickness was greater and the mixing
growing rate was faster in the upper part of the test section.

An important result of this study was determining the apparent self-diffusion coefficient from
the mixing layer thickness. The apparent self-diffusion coefficient could appropriately describe
the mixing behaviors in the channel. The apparent self-diffusion coefficient was shown to depend
linearly on the square root of the transverse granular temperature in the fluid-like regime, as de-
rived from the dense-gas kinetic theory. Also, the semi-theoretical mixing layer thickness, calcu-
lated from the diffusion equation by substituting the measured self-diffusion coefficient, agreed
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well with the experimental data, indicating that the particle mixing in the shear cell was governed
by the diffusive mechanism.
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